A theory of collective states in a magnetically quantized two-dimensional electron gas (2DEG) with half-filled Landau level (quantized Hall ferromagnet) in the presence of magnetic 3d impurities is developed. The spectrum of bound and delocalized spin-excitons as well as the renormalization of Zeeman splitting of the impurity 3d levels due to the indirect exchange interaction with the 2DEG are studied for the specific case of n-type GaAs doped with Mn where the Landé g-factors of impurity and 2DEG have opposite signs. If the sign of the 2DEG g-factor is changed due to external influences, then impurity related transitions to new ground state phases, presenting various spin-flip and skyrmion-like textures, are possible. Conditions for existence of these phases are discussed.
I. INTRODUCTION
In a strong magnetic field the two-dimensional electron states in semiconductor heterostructures 1 transform into Landau states with a completely discrete energy spectrum. This diamagnetically quantized two-dimensional electron gas (2DEG) possesses many remarkable features including Quantum Hall effect. 2 The role of impurities in the thermodynamic, optical and transport properties of 2DEG is extremely important. Among many facets of this problem we choose for discussion in this paper the formation of impurity related collective excitations in a magnetically doped quantized 2DEG in the case of odd integer filling factor ν = 2n+1. In a pristine state 2DEG with odd ν is in a Quantuzed Hall Ferromagnet (QHF) regime with nondegenerate ground state characterized by the total spin quantum number S = N φ /2 and maximum spin projection S z = S. (N φ is the magneticflux-quanta number.) Different branches of the excitons are well distinguishable among the low-energy excitations. They are classified as spin waves (spin excitons), magnetoplasmons or multi-exciton states depending on the spin and orbital quantum numbers. [3] [4] [5] [6] [7] [8] [9] [10] Besides, low-lying collective half-integer-spin fermionic states (trions, skyrmions,...) may be formed in a QHF under certain circumstances. [11] [12] [13] [14] [15] [16] [17] [18] Magnetic impurities are characterized by their own spectrum of local spin excitations, and one can anticipate a strong interplay between local and collective excitations in a magnetically doped QHF.
It is known that the influence of impurities on the discrete spectrum of quantized Landau electrons in a 2DEG has many specific features. Even such a basic property, as the interaction of a 2DEG with neutral short range impurities is far from being trivial. [19] [20] [21] Only the Landau states with a finite probability density on the scatterer locations interact with impurities.
This means that the whole set of Landau states breaks down into two groups: the major part of the Landau levels (LLs) is not affected by the impurity scattering, and the states having a nonzero scattering amplitude on an impurity form a separate system of bound Landau states in the energy gaps between the free LLs.
To be more specific, we consider a 2DEG formed in the n-type GaAs/GaAlAs heterostructures doped with transition metal (TM) impurities. The reason for this choice is that the technology of (Ga,Mn)As epilayers is well developed, and the QHF regime is achieved experimentally in GaAs based heterostrures. As a rule, transition metal ions substitute for the metallic component of the binary II-VI and III-V semiconductors. [22] [23] [24] The influence of isolated TM impurities on the spectrum of the Landau states was investigated in Ref. 25 . It was shown that the resonance scattering in the d-channel is in many respects similar to that of the short range impurity scattering in the s-channel. [19] [20] [21] The symmetry selection rules for the resonance d-waves in the cylindrical (symmetric) gauge pick up the Landau states with the orbital number m = 0 (in the symmetric gauge). These states are the same states that are involved in the s-scattering by the impurities with a short range scattering potential.
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Besides, this scattering is spin selective in magnetically quantized 2DEG.
It should be emphasized that in the problem under consideration the criterion of isolated impurities acquires a specific feature. In fact the Mn concentration range, where our theory is applicable, is limited from below by technological capabilities and from above by the obvious requirement that the impurity induced disorder does not destroy collective excitonic states.
So, the relevant interval of bulk Mn concentrations is 10 13 cm −3 < n Mn < ∼ 10 15 cm −3 . Here the upper limit corresponds to the 2D concentration of 10 9 cm −2 which in our case is actually well below the Landau band capacity N φ at B ∼ 10T that equals to the the 2D electron number on the upper (half-filled) LL. One may expect that the above mentioned classification of excitonic states is valid only at the bulk concentration n Mn < ∼ 10 15 cm −3 , which is much less than in the materials used for creation of dilute magnetic semiconductors. 26 We calculate in this paper spectra of bound and continuous collective excitations related to magnetic impurities. When studying the influence of magnetic impurities on the excitonic spectrum of 2DEG, a distinction between the negative and positive signs of the gyromagnetic ratio of 2DEG electrons g 2DEG should be also mentioned. It will be shown that in the conventional situation of negative g 2DEG the interaction with magnetic impurity lowers the ground state energy due to effectively antiferromagnetic character of the effective indirect exchange. This results in formation of a set of bound and delocalized collective excitations presenting combined modes classified by a change in the total spin number S z . When g 2DEG > 0, so that the g factors of both subsystems (2DEG electrons and impurities) have the same sign, magnetic impurities may form bound states in the gap below the spin exciton continuum and even initiate a global reconstruction of the QHF ground state.
II. MODEL HAMILTONIAN
Following Ref. 23 , we describe the electron scattering on a TM impurity in semiconductor within the framework of the Anderson impurity model Hamiltonian 27 generalized for the case of multicharged impurity states in semiconductors. [28] [29] [30] According to this model, the principal source of magnetic interaction is the resonance scattering of conduction electrons on the delectron levels of TM impurity in the presence of a strong on-site Coulomb interaction U. Due to this interaction, the local moment of TM impurity survives in the crystalline environment, and 'kinematic' indirect exchange interaction between the conduction and impurity electrons arises in the second order in the s-d-hybridization parameter, even in the absence of a direct exchange. number N or N − 1 of the electrons on the highest n-th LL (of course in our case N ≈ N φ ).
The Hamiltonian now readŝ
where the impurity HamiltonianĤ d of Eq. (2.1) is represented in by the two first terms, in whichn γ 0 σ = c II C and II D for further discussion).
B. Description of the employed simplifications
Here we list the simplifications which have allowed us to reduce Eq. (2.1) to the Hamiltonian (2.2) with following changeĤ t →Ĥ t , and to apply to our system.
The first simplification exploits the fact that the characteristic Coulomb energy of Landau electrons E C = αe 2 /κl B is considered to be small in the QHF regime as compared to the cyclotron energy ω c . Here α is the average form-factor related to the finite thickness of the 2DEG (0.3 < ∼ α < 1). In the E C ≪ ω c limit one may neglect the LL mixing. Besides, it implies that in our case the energies of collective excitations are smaller than ω c . The second simplification is related to the 'deepness' of the 3d-levels of a neutral Mn impurity relatively to the bottom of conduction band in GaAs. We know from the previous studies 25 that the scattering potential created by a TM impurity for the Landau electrons is generated by the s-d hybridization. It has the resonance character, and the spin selective scattering becomes strong when one of the impurity 3d levels is close to the LLs of conduction electrons. The process of s-d hybridization may be represented by the so called 'Allen reactions' 23,24,33 (see Fig. 1 ) 
+U
3d 5 → 3d 6 + h ,(2.
C. Interaction Hamiltonian in excitonic representation
As it was mentioned above, the states of the system are characterized by the total spin component S z . For a given S z we may deduce the effective Hamiltonian
with the single-orbital impurity termĤ d = ǫ d↑n↑ + ǫ d↓n↓ + Un ↑n↓ (n σ = c † σ c σ ), and with the hybridization term determined by Eq. (2.6).
The remaining terms in the Hamiltonian (2.9) are defined within the framework of the single-LL approximation for the Landau electrons. [3] [4] [5] [6] [9] [10] [11] [12] 16, 18, [34] [35] [36] Although only the states with m = 0 in the LL are involved in the resonance scattering the complete basis for the description of collective excitations includes all m-orbitals of the LL, and the corresponding Schrödinger field operators should be taken in the form
Here the shorthand notation a m = a nm↑ , b m = a nm↓ is used. R = (r, z) is the 3D coordinate with the reference point at the impurity site, ζ s (z) is the size-quantized functions of selectrons in the layer, ϕ m is the wave function of the n-th LL, where index m in the symmetric gauge changes within the interval (−n, −n + 1, ...N φ − n − 1).
Using the above definitions and Eqs. (2.10) in the generic interaction operator
, one may rewrite the s-s and s-d Coulomb interactions in the excitonic representation (ER). 6, 9, 18 This actually means that after substitution of Eqs. 
12) The single particle Hamiltonian for LL electrons may be also written in the ER represen-
where ε Z = |g 2DEG |µ B B and ε n = (n + 1/2) ω c .
D. Numerical estimates of the energy parameters
Before turning to our main task, i.e. to the calculation of excitation spectra, it is worthwhile to evaluate the characteristic energy parameters related to this problem. We estimate the parameters of 2DEG in GaAs for the typical value B = 10 T of magnetic field. In this field E C ∼ 5 meV characterizes the Coulomb interaction (A13). Below in our calculation this value is mostly presented by the spin-exciton mass, which can be estimated empirically, i.e. the inverse mass is 1/M x ∼ 2 meV in energy units. The LLs' spacing is ω c ≈ 16 meV, and the Zeeman splitting between two Landau subbands is ε Z ≈ 0.25 meV
The hybridization constant V and the repulsion U are the other important parameters characterizing the magnetic impurity. It is rather difficult to extract them from the available experimental data. We can only roughly estimate the energy U as a distance between the Mn-related peaks in the density of states of occupied and empty states in the spectrum of bulk (Ga,Mn)As calculated with an account of the electron-electron interaction. 32 Such an estimate gives U ∼ 4 − 4.5 eV. From the same calculations we estimate the energy difference + s we have 
A. Secular equation
Following the above discussion the spin-flip operator may be represented in the form
The normalizability condition X|X < ∞ for the bound spin-exciton state |X = X † |0
then reads m |D m | 2 + q |f (q)| 2 < ∞ and the sum . Besides, singular states, for which the sum q |f (q)| 2 diverges also exist. These states form continuous spectrum of impurity-related spin-excitons.
The coefficients D m and f (q) are determined from the equation
where the energy E is counted from E 0+ (s). Before turning to the computation we specify the energy levels of the basis states (3.1) at V = 0. The state |s − ; vac has the energy
The doubly occupied impurity state |d 0 ; a m |vac appears due to the charge transfer with creation of a conventional 'hole' in the LL. Its energy is E d,m (s) =
. This term appears due to the global electroneutrality requirement when calculating the energy of the hole a m |vac . + s acquires the simple form
The energy of the free exciton state Q † q |0 is ε Z + E q [see Eq. (A11)]. The collective states localized around a magnetic impurity are described by solutions of Eq. (3.5) outside the free spin-wave band (i.e. in the energy interval E < ε Z or E > ε Z +E ∞ ).
The corresponding eigenfunctions are characterized by the regular envelope function f 0 (q).
We arrive then at the secular equation
for the energy E. The first term in the l.h.s. of Eq. (3.6), including the sum of spin-exciton propagators, presents the self energy, which usually arises in the Schrödinger or LippmannSchwinger equation describing the perturbation introduced by a short-range potential into the continuous spectrum. The prototype of this term in the theory of magnetic defects is the self energy for localized spin waves in the Heisenberg ferromagnet with a single substitution impurity. 39 Specific features of our model are manifested by the energy dependence of impurity related processes. First, instead of a constant term (inverse impurity potential) Fig. 2 . We see that the kinematic exchange makes the Zeeman states of impurity ion non-equidistant and an additional multiplet of excited states arises as a prototype of the bound spin-excitons.
Having this classification in mind we turn to calculating the bound exciton states for a finite dispersion of the free spin waves. According to the estimates of the model parameters presented in Subsection II C we solve Eq. (3.6) for the realistic conditions E C > ∼ g i µ B B ≫ ε Z whereas the ratio between the energies E C and |V | 2 /∆ may be arbitrary.
All the generic features of impurity-related states may be seen in the case of a unit filling where n = 0 (ν = 1) and we study this situation in detail. x < ε Z in the logarithmic vicinity of the bottom of the delocalized spin-exciton band. Due to this fact one may find the level position analytically. Using the quadratic approximation for the exciton dispersion law E q = q 2 /2M x and turning from summation to integration in the l.h.s. of Eq. (3.6) one has
Here M x is the spin-exciton mass defined as 1
(A11) and (A13), the l B = 1 units are used.] and γ = 1.781.... Then the binding energy
is found from Eq. (3.7). This result is valid provided at least one of the two inequalities, is also easily found. In the case of strong the excitation energy does not depend on s. In the opposite limit |V | 2 /∆ ≪ E C we have
0 can be solved numerically. It is convenient to rewrite this equation in the dimensionless form
where ξ = ∆/M x |V | 2 is the ratio of the characteristic Coulomb energy in the Landau band and the characteristic kinematic exchange energy. The relevant energy parameters in (3.6)
x e(q) and g i µ B B = (|V | 2 /∆) g. Then the system of localized levelsẼ
0,x counted from the global vacuum energy is described by the set of equationsẼ See text for further details.
C. Delocalized impurity-related excitations.
We conclude this section by a brief discussion of the delocalized states (free spin waves distorted by the resonance magnetic impurity scattering). These states are described by the functions f (q) with a divergent norm in the expansion (3.2). Secular equation for these states cannot be presented in the form (3.6) but there are solutions satisfying Eqs. (3.5) at any energy within the spin-exciton band, ε Z < E < ε Z + E ∞ . These states are the 'counterparts' of the levels E (s)
x in the spin wave continuum. Let q 0 (E) be a root of equation
into Eqs. (3.5) one gets three equations for the coefficients D 0 , C and u(q). Turning from summation to integration and using the rule q δ |q|,q 0 = 2q 0 L/π (L 2 = 2πN φ , being the 2DEG area) one finds the coefficient u(q) from the equation
for the spectrum is derived from Eq. (3.5) in the thermodynamic limit (L, N φ → ∞). It can be readily seen that the norm of the function (3.11) diverges as q |u(q)| 2 ∼ N φ .
IV. POSITIVE g 2DEG -FACTOR. PINNING OF THE QHF SPIN
Experimentally the magnitude of the g 2DEG factor in GaAs/Al x Ga 1−x As structures can be altered gradually by changing pressure or by varying Al content (x). It can be made very small and even change its sign. 14 The value of g 2DEG may be effectively reduced also due to optical orientation of nuclear spins changing the electron Zeeman splitting (Overhauser shift). 13, 17 In this section we discuss the impurity-related reconstruction of the ground state and the spectrum of spin-flip excitations at small but positive values of g 2DEG . It will be shown below that even a minute amount of magnetic impurities can drastically influence the QHF state.
Keeping the previous notations, it is now convenient to redirect the magnetization axis x . This root corresponds to the energy of the localized spin exciton with changed impurity spin projection, δS following equation where ξ c1 is determined by the equation ) and calculate the proper value G K (ξ) at arbitrary K. The latter is determined by the competition between the antiferromagnetic kinematic exchange, which forces 2DEG spins to reorient in the direction opposite to the impurity spin, and the Coulomb-exchange energy appearing due to 2DEG inhomogeneity in a cluster of K spin excitons bound to the impurity. This inhomogeneity energy is measured in 1/M x units. Calculation of G K at K 1 (but K = 1) is beyond the abilities of our present approach but we can consider the case of K ≫ 1 and find the conditions under which such a massive pinning of 2DEG spins in the vicinity of the impurity turns out more advantageous than binding of single spin exciton (i.e. G ∞ > G 1 ).
A. Skyrmionic states created by magnetic impurities
The state with K ≫ 1 can be described as a collective topological defect (skyrmion) pinned to a magnetic impurity. 36 A smooth inhomogeneity in the system of spins may be presented as a continuous rotation in the 3D space. If one characterizes the local direction of the spins by a unit vector n(r) with components n x = sin θ cos ϕ, n y = sin θ sin ϕ, and n z = cos θ (ϕ and θ are the two first Eulerian angles) then the conditions θ| r=0 = 0 and θ| r=∞ = π inevitably result in the appearance of the topological invariant q T = drρ(r)
where the density
is a vortex characteristics of the spatial twist. The value q T has to be an integer nonzero number. 42 Its physical meaning is the number of excessive (q T < 0) or deficient (q T > 0) electrons in the system, 11, 12, 16, 18 i.e. q T = N φ − N. In a perfect 2DEG and at nearly zero Zeeman gap (ε * Z → 0) such a weakly inhomogeneous skyrmion state has the energy
This result is valid within the single Landau level approximation (see, e.g., Ref. (1 + cos θ)dr (4.8)
(in the clean 2DEG the skyrmion energy is given by E sk +E Z ).
One can conclude from symmetry considerations that the impurity is located at the cen- , whereẼ
is determined by Eq. (3.10). 43 Hence we obtain that the pining energy is
is shown in Fig. 4 . In the limit of strong pining (E sk,pin ≫ E sk ) and 'frozen' impurity spin (g ≫ 1) this result agrees with the pinning energy found earlier.
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The energy E sk,pin is calculated in the leading approximation, which does not depend on the charge q T . However, it is instructive to obtain the correction related to the inhomogeneity of the texture. It is known 16, 18 that the density (4.6) may be interpreted in terms of effective is determined by the value ρ(0) and has the form
It is assumed here that g ≪ 1.
The skyrmion core radius R * is found by considering the competition between the Zeeman energy (4.8) and the energy of Coulomb repulsion. 11, 44 Generally speaking, in our case in order to find R * we should include the energy E sk,pin in the minimization procedure. However, this correction only insignificantly influences the result due to the condition R * ≫ l B and because of the rather strong e-e interaction resulting in the skyrmion formation. Using the realistic estimate for the kinematic exchange energy |V | 2 /∆ < ∼ E C the minimization yields the same formula
as in the case of 'free' skyrmions 44 , where
The number of spin-flipped electrons turns out to be rather large
We first consider the regime where there is no skyrmions in the clean system but these collective excitations could be created due to strong enough kinematic exchange interaction between the LL electrons and magnetic impurities. This is the situation where the inequality In addition, the energy of a skyrmion and an antiskyrmion pinned by two neighbouring magnetic impurities has to be lower than the double energy of a pinned spin exciton. Thus the condition G ∞ < G 1 for creation of a pinned skyrmion-antiskyrmion pair can be rewritten in the form
where the critical value ξ c,∞ can be obtained with the help of Eq. (4.10):
Under the condition (4.13) an impurity acquires the localized magnetic moment
antiparallel to its own moment and exceeding it (when, e.g. K > 5/2 in the GaAs:Mn case).
B. Phase diagram of QHF ground state at g *
2DEG
> 0
There are two critical transitions in our problem: first, the global vacuum is destroyed when ξ becomes less than ξ c1 and single spin-flip exciton appears (this state may be characterized as a 'local pinning'); second, the massive pinning of 2DEG spins takes place when ξ reaches the value ξ c,∞ . However, this scenario is somewhat changed if one takes into account finite ratios N i /N φ . Indeed, up to this point we have supposed that the Zeeman energy ε * Z N φ corresponding to the 'global flip' of all 2DEG spins is larger than any contribution to the QHF energy due to the magnetic impurities. This global spin-flip actually represents the spin configuration treated as the ground state in the previous section. When counted from the global vacuum, its energy per one impurity is
Negative E s-f means that available magnetic impurities are able to polarize completely all 2DEG electrons even at positive g * 2DEG .
In agreement with the above discussion, one can conclude that such a complete polarization takes place when
where 
V. DISCUSSION
We have found that the interplay between the kinematic impurity exchange and the Coulomb interaction in 2DEG results in the appearance of bound exciton states and in the renormalizaton of impurity spin states, including the reconstruction of the QHF ground state at g * 2DEG > 0. Among the available experimental techniques, the inelastic light scattering (ILS) method seems to be the most useful method for experimental study of the 2DEG spectra (see Refs.
7,10,45 and references therein). However, this tool has some special features, and it is helpful to discuss our results from this point of view. Let us first consider the g 2DEG < 0 case.
When measuring the energy from the ground state levelẼ ∆E related to the spin changes δS z = 0, 1, ...5 is done for the sake of demonstration with the function E q = 2M x −1 1 − e −q 2 /4 I 0 (q 2 /4) and the fitting parameter M x used to describe the spin-wave dispersion. In the available wide quantum wells the inverse spin-exciton mass is relatively small. 46 Hence the values ξ < 1 seem to be experimentally relevant, and the evolution of non-equidistant excitations ∆E δSz ,x as a function of ξ (and therefore of B) should be observable in this interval.
The non-localized states discussed in Section III C actually present a transformation of the x-type excitations when the spin exciton is detached from the impurity and falls in the spin-wave continuum. The bottoms of continuous bands are shown as filled areas in Fig. 7 .
The band edges are higher than the ∆E δSz ,x curves by the quantity
[see Eqs. (3.8) and (3.10)], and therefore the latter may be treated as spin-exciton binding energy. However, it seems to be difficult to observe these states in the ILS spectra because of comparatively small oscillator strengths, specifically, due to divergence of the envelope function f (q).
Similar ILS picture should also take place for g * 2DEG > 0 in the phase of the 2DEG global pinning (dark-grey area in Fig. 6 ). In the skyrmionic phase (light-grey hatched sector) there are intra-impurity ILS transitions determined by Eq. (5.1). Besides, two new types of resonances are expected: the first is the skyrmion delocalization with δS z = 0 and with excitation energy equal to E sk,pin (4.10); another one is transition δS z = −1 where the delocalized skyrmion leaves the impurity with the bound spin exciton. In the latter case the transition energy is E sk,pin −|V | 2 F (3/2) x +ε * Z . In the global vacuum and local pinning states (blank and light-grey unhatched domains) the ILS spectrum is determined by transitions between levels (4.1) and (4.2), so that, e.g., the ILS transitions to the localized states from the global vacuum are determined by the energies 37 If the interaction in the 2DEG is taken into account, the single-orbital model needs additional substantiation. In this case the state with S z = N φ 2 +s may be created, e.g., as a two-exciton vector Q † q 1 Q † q 2 |d 5 , s + 2; |vac which is admixed to the state |d 5 , s + 1; Q † q |vac ≡ |s + ; Q † q |vac .
One may neglect this admixture because the bi-exciton binding energy E bi−x is much smaller than both g i µ B B and |V | 2 /∆ values, whereas the single exciton binding energy E ∞ (A11) is comparable with these two characteristic energies. It is known 8, 9, 15 that even in the ideal 2D case (i.e. at α = 1) E bi−x < 0.05444E C , so that the inequality E bi−x ≪ g i µ B B, |V | 2 /∆ really takes place. 
